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ABSTRACT 
. 
. 
This investigation examines the fracture patterns which result when 
an angled crack in PMMA is subjected to a uniform remote loading. The 
main objective is not to determine the trajectory of crack growth but 
rather to examine the size of the crack growth increments. The acquisi-
tion of such results requires a consistent approach to crack growth, 
with the analysis· based on a failure criterion and applied repeatedly to 
the unfractured material in front of the crack tip. Proposed also is a 
· methodology for estimating the overload associated with stiffness change 
as the crack angle is altered with the direction of loading. 
/ 
Results were obtained using the strain energy density fracture cri-
terion which states that crack initiation will take place at a site 
where the local minimum strain energy density reaches some critical val-
\ 
ue. Each 6irut~ segment of subcritical crack growth is determined by 
assuming that the material elements fracture at the same value, with an 
oversupply of energy that increases with decreasing distance to the 
crack tip. The additional growth corresponding to this excess of energy 
is referred to as 11 overshoot 11 • It was found that crack growth corrected 
for overshoot due to a constant effective loading is greater for a crack 
aligned nearly along the axis of loading than for one aligned nearly 
perpendicular to the loading direction. Also determined was that over-
load could be used to explain scatter in experimental results when the 
angle the crack axis makes with the direction of loading becomes small. 
Particular attention was also given to accuracy of the finite element 
results as affected by changes in grid patterns and mesh sizes. 
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I. INTRODUCTION 
It is now close to three decades since the fracture characteristics 
of an angle crack or elliptical notch were first examined [l]. Instead 
of applying the energy release rate concept, the maximum local hoop· 
stress around the ellipse were used. This cannot be realized for a 
sharp crack because the local stresses become infinite at the tip. A 
--small radial distance away from the singular point must, therefore, be 
observed outside of which the maximum local circumferential stress 
could be assumed to govern failure initiati-on [2]. Experimental data 
on pre-cracked PMMA plates were obtained as the orientation between the 
applied load and crack plane were varied. Although the direction of 
crack initiation agreed well with experiment, the local critical stress 
in itself is not sufficient for predicting the failure load. Addition-
al criterion would have to be introduced. Moreover, the maximum local 
stress criterion were problematic in two respects: 
, Under symmetrical load, the principal stresses on a local crack 
tip are both in tension and have the same magnitude. 
• When a crack runs, the maximum local dynamic normal stress 1s 
parallel to the crack rather than normal to ~t. This contradicts the 
original assumption. 
Despite these shortcomings, the local stress criterion were emphat-
ically renumerated by a number of latter investigators [3-12]. 
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In an. attempt to provide a consistent description of crack i'nitia-
tion, slow growth an~ final termination, the strain energy density cri-
terion was propo~ed in 1972 [13]. It was assumed that crack would ini-
tiate in the direction where the volume energy density acquires a rela-
tive minimum. The idea of associating the minimum of a function with 
failure were met with scepticism [14-16] mainly because unfamiliarity 
wtth the concept that the same function could predict the location of 
fail~re and critical load. In fact, the results in [17] showed that 
the brittle fracture path in PMMA specimens coincided closely with the 
path along which the volume energy density function were minimum. Much 
of the misunderstood discussions were later clarified in [18,19] al-
though not completely [20]. In retrospect, it should be kept in mind 
that.the sta.tionary values of .fl function in two variables cannot, in 
general, be found simply by holding one of the~ constant. This would 
lead to false conclusions [20]. The early work in [17] clearly showed 
that the energy density function possessed many minima, the loci of 
which were assumed to coincide with the fracture path. Obviously, 
failure would initiate at the site of the maximum of the many minima. 
J 
Alternate versions of the energy density criterion have also been pro-
posed [21,22] and have found to contain contradictions and/or unwieldy 
results [23,24]. Potential pitfalls arising from energy related cri-
teria when proposed at will can be found in [25]. 
The angle crack configuration was used exclusively in the stress 
and failure analysis of the previously mentioned works. Validity of 
criteria were argued on the basis of how closely the data would match 
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with the analytical results even when data scatter were clearly present 
in a number of cases. Emphasized in [19] is that the specimen stiff-
ness tends to increase as the crack is rotated towards the direction of 
applied load. This would result in more overload for the stiffer 
specimen, a condition well known in fracture tests. Such a discrepancy 
i·n ccimputing for the failure load has never been assessed quantitative-
ly or explained qualitatively. Therefore, many of the arguments in-
volving the comparison of analytical and test data are far from conclu-
sive. Explored in this thesis is hciw the specimen stiffness or 
compliance could contribute to the amount of overload and the possible 
means of correcting for the scatter on crack initiation data. Model-
ling of the crack growth process involves additional discrepancy due to 
inherent discreteness of the numerical analysis. As the crack is as-
sumed to grow in finite segments at some threshold level, the elements 
, 
nearest to the crack front would be strained more than those further 
away because of the rapid elevation of the local stress and/or energy.· 
When referred to a constant energy density, there would be an excess of 
energy above and beyond the critical value. In theory, this would 
overdrive the crack resulting in 11 overshoot 11 • The effect can be mini-
mized by taking smaller crack growth segments but cannot be completely 
removed because of the fini'teness of numerical analysis. This is con-
sistent with the experimental procedure where the load increments are 
also finite that would give rise to overshoot. It could be evidenced 
. ~. 
as markings on the fracture surface. Overshoot in crack growth and 
overload in crack initiation are two separate effects although they 
-4-
r 
could both prevail in practice. Their presence will no doubt alter 
the test data depending on the combined interaction of loading rate, 
specimen size and geometry and material type. Unless they are proper~ 
~ 
ly accounted for in the analysis, the correlation between theory and 
experiment remains unexplained. 
I 
-5-
-..._/ 
II.· FAILURE CRITERION 
Classical continuum mechanics is able to provide information on the 
magnitude and distribution of stress, strain or strain energy in a 
* given body, but does not address the process of material damage. 
While the theory of plasticity recognizes permanent deformation caused 
by excessive shaped change, it is not able to account for failur~ by 
fracture.· Many different failure criteria have thus been proposed 
with each catered to a specific situation. The choice of how the 
stress and failure analysis should be combined for a given problem has 
been the subject of many past discussions. The fracture behavior of 
the angle crack is further examined in this work with reference to 
overload and overshoot. 
2.1 Continuum Limiting Length 
One assumption that should be made in examining the state of af-
fairs near a crack tip is that of a core region. Macrocrack propaga-
tion is assumed to originate from a critical site such as a crack tip. 
Surrounding this critical site will be a zone, say of radius r0 , inside 
which the behavior is associated with phenomenon which take place at a 
scale level below that of the remainder of the object being examined. 
This critical zone is known as the core region as shown in Figure 2.1. 
The size of r is comparable to that of the continuum element ~x~y in 
0 . 
two dimensions. The lineal dimension ~x or ~Y defines the resolution 
* Up to this date, only the isoenergy density theory [26] is capable of 
providing a complete description of the material damage process that 
includes energy loss by heat dissipation. 
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Materia 1 
microstructure 
Macrocrack 
Continuum 
element 
r · radius of o· 
core region 
Figure 2.1. Schematic of core region. 
of the continuum mechanics analysis and is by definition several orders 
of magnitude larger than the microscopic size. No fixed value of r0 
should be assigned as a priori because it would depend on the micro-
scopic character of the material. The grain size in polycrystals could 
vary by an order of magnitude. Nevertheless, it is necessary to ob-
serve a limiting length in any analysis, particularly when the classi-
cal continuum mechanics theories leave out the size effect. A case in 
point is the theory of elasticity that has been used for analyzing the 
behavior of structures several meters in dimensions and for examining 
events at the atomic level where the dislocations are of the order of 
10-6 centimeters. 
For the convenience of numerical calculation, r0 has been taken as 
10-2 times the half crack length,a,for a finite through crack confi~-
uration. It would then be well inside the region where the asymptotic 
solution having the 1/lr singular character coincides with the exact 
-7-
solution at r/a = 10-l location as ·illustrated in. Figure 2.2. It so 
Macrocrack 
J 
Cl) 
Cl) 
Q) 
s.. 
+.> 
(/) 
Exact solution 
Asymptotic singular 
solution 
Distance r 
= O.Ola 
Figure 2.2. Near field stress decay for a finite crack: 
comparison of exact and asymptotic solution. 
happens that the 1//r singular character could be enforced along a line 
Q 
ahead of the crack in the finite element analysis when using the twelve 
(12)-node isoparametric element. This is"-accomplished by a shift of 
the side nodes [28,29] x2 to 1/9 and x3 to 4/9 as shown in Figure 2.3. 
Macrocrack 
-1 0 1 
Reference 
axis 
Figure 2.3. Crack tip with reference to the side of a twelye 
(12)-node isoparametric element. 
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In this way, r
0 
serves the dual purpose of a continuum limiting dis-
tance and expediency in numerical calculation. 
2.2 Strain Energy Density Criterion 
The strain energy density fracture criterion of Sih [27] predicts 
fracture based on the energy density distribution in the object being 
examined. A strength of this fracture theory is its ability to predict 
both the direction and extent of crack growth. The strain energy den-
sity is commonly written as dW/dV and can be determined in terms of the 
stresses crij and strains Eij as 
( 2 .1) 
for a linear elastic material. Under the condition of plane strain 
with i,j = x,y,z where 
E = 0 cr = cr = 0 z ' xz yz 
(2.2) 
and 
a = v ( cr +cr ) 
Z X Y 
(2.3) 
equation (2.1) may be written as 
dW = l +v [ ( l - ) ( 2+,...2) 2 + 2 2 ] 
. dV 2E v crx Uy - vcrxcry crxy (2.4) 
-9-
The Poisson's ratio is v and Young's modulus is E. 
It is well known that the material around a crack tip undergoes 
shape and volume change. The. former takes place in a direction away 
from the crack plane while the latter occurs along the path.of prospec-
tive crack extension. These effects can be quantified in terms of the 
proportion of the distortional (shape change) and dilatational (volume 
change) strain energy density, namely (dW/dV)d and (dW/dV)v in linear 
elasticity. That is, equation (2.1) or (2.4) may be regarded as the 
linear sum of (dW/dV)d and (dW/dV)v=· 
(2.5) 
Depending on the state of stress and strain and location in the body, 
both situations 
(2.6) 
could prevail. The first condition in equations (2.6) corresponds to 
distortion being the controlling factor and the likelihood of yield 
initiation while the second condition corresponds to dilatation being 
dominant that could lead to fracture initiation. In regions where di-
latation is greatest, dW/dV will be a relative minimum. The strain en-
ergy density criterion proposes that the direction of crack growth will 
correspond with (dW/dV)rnin" In general, there might be many minima in 
the body. The strain energy density criterion proposes that failure 
-10-
initiation will take place at the site of (dW/dV)m~x. The critical 
. min 
strain energy density, (dW/dV)c, is material specific and corresponds 
to the area under the true stress strain curve. As the state of stress 
in the body is increased, it is (dW/dV)m~x that will first reach the 
.. min 
critical parameter (dW/dV)c. Figure 2.4 shows a sample local strain 
> 
-a 
.......... 
3 
-a 
>, 
.µ 
•r-
l/) 
C: 
QJ 
-a 
>, 
(dW/dV) C 
(dW/dV)max: (yield initiation) 
max 
Ol 
s.. 
QJ 
C: 
w (dW/dV);~~: (fracture initiation) 
0 Space variable 
Figure 2.4. Variation of energy density with space variable. 
energy distribution with the local (dW/dV);:~ and (dW/dV)~~~ indicated. 
It becomes obvious that it is the maximum minimum which will reach the 
critical strain energy density first when the site of potential failure 
is subjected to a rising energy distribution. The yield initiation is 
assumed to occur when (dW/dV):!~ reaches (dW/dV)y which is the area 
----..._ 
under the true stress and strain curve up to the yield point. Since 
-11-
(dW/dV)y < (dW/dV)c' yield initiation always precedes fracture initia-
tion. 
2.3 Local and Global Stationary Values 
One distinct feature of the strain energy density criterion [27] is 
that the stationary values of dW/dV automatically determines the pro-
portion of distortional and dilatational effects or the conditions in 
equations (2.6) which apply only for the elastic material. The discus-
sion with reference to Figure 2.4 applies to any nonlinear dissipative 
material where equations (2.5) and (2.6) are no longer valid. 
GeneJta.l Con.1.>ide.Jtation. For a two-dimensional body, dW/dV would de-
pend on two space variables (X,Y). In a plot of dW/dV versus X and Y, 
there would be peaks and valleys as indicated in Figure 2.5. The val-
dl~ 
dV 
y 
Figure 2.5. Peaks and valleys of dW/dV referred to two 
space variables. 
-12-
ues of (dW/dV)~!~ and (dW/dV)~~~ can thus be located by inspection. 
' 
More specifically, Figure 2.6 gives a 'typical computer plot of constant 
y A 
Local coordinate 
system 
B 
Figure 2.6. Contour of constant dW/dV referred to two 
space variables. 
L 
dW/dV contours where two maxima are located at A and D and two minima 
at Band C. Since (dW/dV)max at A is greater than that at D and 
(dW/dV)min at Bis greater than that at C, the pair (dW/dV);:~ and 
(dW/dV)~~~ would be unique in any given problem. They are known as the 
global. stationary values distinguished by the subs.cript G because they 
refer to the same fixed coordinate system -(OXY) as given in Figure 2.6. 
The designation is [(dW/dV)~!~JG and [(dW/dV);~~]G. 
~13-
.suppose that dW/dV is now referred to a system of local coordinates 
(x,y) or (r,e) as shown in the midst of the contours in Figure 2.6. It 
is guaranteed that for each location of (oxy) there would prevail a 
pair of (dW/dV)max and (dW/dV)min· They are the local stationary val-
ues denoted by the s·ubscript L, i.e.,, [(dW/dV)max]L and [(dW/dV)min]L. 
Among the many local maxima and.minima, there exists a pair that would 
have the largest values written as [(dW/dV);!~JL and [(dW/dV);~~JL. 
The distance between [(dW/dV);~~JL and [(dW/dV);~~JG, say t, is indic-
ative of failure instability by fracture [30,31] and between 
[(dW/dV);!~JL and [(dW/dV);!~JG by plastic collapse [32]. This idea 
could be best illustrated by the failure behavior of a crack. 
FJW.c;tu.Jte In~tabJ.lJ.x.y. Consider the problem of a through crack of 
length 2a in a plate subjected to uniform stress 00 as shown in Figures 
2.7(a) and 2.7(b). The dimensions of the plate in both cases are the 
same. Only the crack length is different. It was found ip [33] that t 
extended to the plate edge when the crack is small. This implies that 
once crack initiates, the entire ligament from L to G breaks, Figure 
2.7(a). If the ·initial crack is sufficiently long, less energy is 
stored in the uncracked ligament and G no longer extends to the plate 
edge. A smaller value oft corresponds to a more stable fracture as 
the energy concentration is more localized. The relative size oft 
provides information on crack growth stability. 
2.4 Subcritical Crack Growth 
.. 
Crack growth initiation is assumed to occur when dW/dV in the near-
-14-
' 
~ 
I ' 
' 
I ' 
I 
~ 
L G 
I I • 
L G 
-
• 
~ 2a r--. .Q, __. r- 2a~ tr-
f I I I 
(a) Sma 11 crack (b) Large crack 
Figure 2.7. Fracture instability as affected by initial 
crack length. 
I 
est element to the crack tip reaches some critical value (dW/dV)c as 
mentioned earlier with reference to the strain energy density criterion 
[27]. The segment of crack growth, say r1, r2, etc., can be estimated 
by assuming that 
s . 
= ..1. = 
r. 
J 
(2.7) 
The last ligament of material re that triggers the onset of rapid frac-
ture can be computed if Sc is known for a given material because 
-15-
e: ' 
C (dW) = f crde: dV ·C 0 
(2.8) 
with e:c being the final critical strain. In equation (2.7), Sc is re-
lated to the ASTM valid K1c fracture toughness value as 
( 1 +v )( l -2v) Kf c 
s = --,---,,,,---
c 21rE 
(2.9) 
Refer to [34] for more details. 
-16-
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III. CONCEPT OF OVERLOAD AND OVERSHOOT 
The failure envel~in engineering practice is an idealized concept 
that serves as a reference for monitoring the deviations of experimen-
tal data. Failure by fracture is a gradual process that involves the 
nucleation of microscopic damage and eventual material separation, an 
event that is visible to the naked eye and hence referred to as macro-
scopic fracture. Illustrated schematically in Figure 3.1 is a typical 
Strain 
Macro-
fracture 
Failure 
Figure 3.1. Failure envelop in a plot of stress versus strain. 
description of the stress and strain states in a structural component. 
The failure envelop assumes that the change in material damage from the 
microscopic to the macroscopic scale level is a sudden process. The 
metastable states (cr ,E ) is representative of the commitment made on 
C C 
the failure criterion. Fracture data (cr0 ,E0 ) must necessarily fall 
outside the envelop (crc,Ec). The deviations would depend ori the com-
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bine~ interaction of loading, specimen geometry and material type; they 
are often referred to simply as scatter without explanations. 
3.1 Single Macrocrack Model 
The single crack·configuration has been used frequently as the best 
test model to examine the fracture behavior of metals. Regardless of 
the scale level at which material damage would be quantified, it is 
· necessary to understand the physics underlying the material damage pro-
cess. In the_average polycrystalline specimen, prack growth is ~eon-
.ti.nuouJ.>, meaning that fracture is not just the movement of a single 
crack front. Individual grains do not fracture at the same time as ~ 
their strength, shape and size vary by wide margins. The cracked 
grains, however, may join in segments to form an irregular surface 
along a path of greatest load transmission. These factors would affect 
the difference between (cr0 ,E0 ) and (crc,Ec) as shown in Figure 3.1. 
Their influence in a continuum mechanics analysis for the single crack 
model can be summarized as follows: 
, Loading. The hierarchy of the material damage process is dic-
tated by the time history of the energy transfer process. For the same 
material and specimen, failure would initiate at the specimen center 
for slowly rising load in contrast to failure starting from the speci-
men surface in fatigue. 
. . . 
• Size and Geome:tlty. Specimen size and geometry could be altered 
to change brittle fracture to ductile fracture even if the load and ma-
terial are the same. 
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Mate.JU.al Type. Microstructure of the material would affect the 
crack initiation and growth characteristics. Incubation time of the 
crack tip in the core region (Figure 2.1) depends on the inhomogeneity 
of the grains. 
It would, therefore, be useful to observe how loading rate, speci-. 
men size and material microstructure would affect the deviations be-
tween (cr0 ,E0 ) and (crc,Ec). A ranking system such as that outlined in 
Table 3.1 may be used. Large and small deviations __ may be shown to cor-
respond to the combinations of L1A1M1 and L3A3M3, respectively. 
Table 3.1. Ranking order for loading, specimen size 
and material type. 
Loading Specimen Microstructure 
Rate Size Inhomoqeneity 
L,: High J\l : Large Ml : High 
L2: Medium J\2: Medium M2: Medium 
L3: Slow J\3: Small M3: . Low 
3.2 Overload of Cracked Specimen 
To be more specific, the concept of an 11 overload 11 or the difference 
between cr
0 
and crc in Figure 3.1 can be illustrated by referring to the 
configuration of a center cracked body in Figure 3.2. The applied uni-
form stress cr is increased slowly until the crack would reach the crit-
ical condition at crc. Fracture occurs only when cr + cr0 being always 
larger than crc. According to the earlier works in [35], the total en-
ergy Win a cracked body can be regarded as the sum of that for the un-
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cr 
Figure 3.2. Center cracked body under uniform stress. 
cracked body and that due to the presence of the crack. For the case 
of plane strain, W takes the form 
W = .l (l-v2) 2A + rr(l-v2) 2a2 2 E cr E 0 
= .l [l-v2 + 2rr(l-v2 )oa2]A 
2 ° E 0 AE 
( 3 . 1 ) 
where A is the area of the body having a unit dimension in the z-direc-
tion. An equivalent uniaxial strain E can thus be extracted from equa-
tion (3.1) as 
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* The quantity E or 
* E E -------
- (l-v2)(1 + 2Tia2) 
A 
(3.2) 
(3. 3) 
might be viewed as an equivalent elastic modulus of the cracked body 
* such that E would decrease with increasing crack length. 
Application of the strain energy density criterion described in 
Section 2.2, the critical strain energy density factor Sc in equation 
(2.7) can be applied. It may be regarded as the crack driving force, 
Figure 3.3. The critical distance re is the material ligament that 
Macrocrack 
•r-
~ ........................ -(dW/dV)c 
""O 
>i C') . 
s.. 
QJ 
s::: 
w 
Radial distance r 
Figure l.3. Critical strain energy density factor. 
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triggers the onset of rapid fracture. Knowing that Klc = crc/na, equa-
tion.(2.9) gives 
( 1 +v )( l -2v) a2a 
S C c = 2E (3.4) 
The quantity a2 in equation (3.2) can be eliminated at the critical 
state as (cr,E) + (a ,E ): C C 
l-v2 8n(l-v)ES~ 
Ec = -E~ 0 c + (l+v)(l-2v) 2Acr3 
C 
(3.5) 
Equation (3.5) gives the failure envelop for the problem of a cracked 
body under uniform stress. A plot of crc versus Ec can be found in Fig-
ure 3.4. The point c that determines when the slope of the failure en-
velop changes sign can be determined from the condition 
Equation (3.5) can be put into equation (3.6) to yield 
24nE2S2a2 
0 4 = C c (l+v) 2(1-2v) 2A 
Making use of equation (3~4), it can be deduced that 
A 
m = -:-;-z = 6 na 
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(3.6) 
(3.7) 
(3.8) 
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Failure envelop 
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. Figure 3.4. Failure envelop for a cracked body under uniform 
applied stress. 
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.·: .. :. 
determines the point c. Hence, m_> ·6 and m < 6 would correspond, re-
spectively, to the portions of the failure envelop with positive and 
negative slope. Equation (3.8) can be further inserted into equation 
(3.3) to obtain 
* mE 
E = (l-v2 )(2+m) (3.9) 
* This gives E = (27/32)E for v = 1/3 and m = 6 at c. 
For m < 6 where 
(3.10) 
* the specimen is relatively ~ont and the line qq0 with slope E in equa-
tion (3.10) would cross the failure envelop with negative da/dE. The 
locations of q and q
0 
can be clearly distinguished from the points 
(0 ,E) on the failure envelop thus making the distance between q and 
C C 
q
0 
relatively small. When m > 6 with 
·(3.11) 
the specimen is relatively ~ti66 and the line pp0 now crosses the fail-
ure envelop with positive da/dE. Even though p and p0 are in the 
neighborhood of (ac,Ec), they are now separated by a wide mar~in. 
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•· .. 1. 
The difference of the stress levels between p and p or q and q 
. 0 C O C 
is known as the 11 overload11 where Pc and qc are located on the failure 
envelop. It can thus be summarized that 
Moll.e. oveJtload would .Uk.e.ly be. CU.6oclate.d wlth a Jte1.a:tlve1.y .otinn 
-6pe.c.,lme.n than a 1te.lailve.ly .60ot .6pe.c.ime.n. 
Additional discussion on this will be given later on for the angled 
crack problem. 
3.3 Overshoot Associated with Crack Growth 
Aside from overload, there is discrepancy between theory and exper-
iment could arise from the discrete nature of the numerical modellin~ 
process as assumed in equation (2.7). Because of the inability to ad-
dress instantaneous and continuous crack growth in the finite element 
analysis, it is necessary to consider finite segments of crack exten-
sion r1, r2, etc., at some preassigned critical energy level. The ele-
ments closer to the crack front would therefore experience a high level 
of energy above and beyond that at incipient crack initiation. This is 
illustrated in Figure 3.5 for the jth segment of subcritical crack 
growth. The predicted segment of growth rj from equation (2.7) is de-
termined from the intersection of the dW/dV curve and the line (dW/dV)c 
at c. The elements along the segment r0 < r < (r0+rj) are stressed be-
yond the critical level. An excess amount of energy proportional to 
the shaded area ~j would be available to overdrive the crack. The two 
shaded areas E~ and Sj could be equated to yield the so-called over-
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Figure 3.5. Correction on crack growth due to overshoot. 
shoot rj such that the total advancement of the crack would be 
* 0 
r j = r O + r j + r j , j = 1 , 2, etc. 
(3.12) 
with the corrected crack driving force as 
* 0 s. = s. + s., j = 1,2, etc. 
J J J 
(3.13) 
Equation (2.7) can thus be modified into the form 
* s. 
- J -
-* - ... (3.14) 
r. 
J 
-26-
VI 
VI 
(l) 
S-
.µ 
VI 
"C 
(l) 
•r-
,..... 
Cl. 
Cl. 
cl: 
(No overshoot) 
(Overshoot) 
Crack growth 
Figure 3.6. Influence of overshoot on applied load to crack 
growth relation. 
0 
On phys i ca 1 grounds, of course, not a 11 of the excess energy r j 
would contribute to overshoot. There would be some loss by inelastic 
deformation and acoustics. The two idealized situations stated in 
equation (2.7) without overshoot and equation (3.14) with overshoot 
would serve as an upper and lower bound solution for the relation be-
tween load and crack growth as shown in Figure 3.6. The experimental 
data should fall in between. 
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IV. DESCRIPTION OF CRACK MODEL AND COMPUTATIONAL SCHEME 
In order to provide an estimate of the applied load as a function 
of ctack growth with overshoot, the angled_crack configuration will be 
examined for different initial crack angles ~ith respect to the load. 
Displacements, strains, stresses and energy densities are o~tained by 
application of the finite element method described in the Appendix, 
Section VII. For the situation of self-similar crack growth where the 
failure path is known before finite element meshes are generated, ele-
ment boundaries can be placed along the crack growth direction preserv-
ing the 1//r crack tip singularity. When the crack plane and load di-
rection are not collinear, there is no a priori knowledge of the growth 
direction, which may not necessarily coincide with the element bound-
ary. 
Some improvement could be made by increasing the number of elements 
at the crack tip and thus increasing the probability of crack growth 
along or close to an element boundary, but for the cases being analyzed 
in this work, the added time required would not justify the added accu-
racy; as in most cases, crack growth is indeed nearly along the element 
boundary. 
4.1 Specimen and Material 
Depicted in Figure 4.1 is the configuration of an angled crack of 
length 2a = 5.08 cm that is tilted away from the y-axis by the angles. 
Unity is assumed for the plate thickness whiles varies from 15° to 75° 
-28-
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Figure 4.1 .. Schematic of an angled crack under uniform stress. 
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in increments of 15°. A distributed load is applied to the plate for 
all cases. The magnitude of the loading was chosen so that over the· 
entire range of crack angles the resulting lengths of crack growth seg-
ments were such that the number of remeshings to cause failure for 
small B was not excessive, yet there were enough growth segments for 
large B to examine tiends of the growth prior to global instability. 
The value of the remote stress determined by trial and error was 35 
MPa. 
The material properties of the plate were taken to be those of PMMA 
as experimental results are available [36]. Mechanical and fracture 
properties are given in Table 4.1. The value of (dW/dV)c is obtained 
Table 4.1. Mechanical and fracture properties of PMMA [36]. 
Young's Poisson's Ratio Fracture Critical Energy 
Modulus V Toughness Density 
Ex 108 (Pa) Klc MPa/rn (dW/dV)c (MPa) 
23.63 0.333 0.7 to 1.6 2.084 
from the area under the true stress and true strain curve in [36]. 
Crack growth will be assumed to occur when the strain energy density in 
the material exceeds this critical value in the direction corresponding 
to (dW/dV)m~x as described in Section 2.2 on the strain energy density min 
criterion. 
4.2 Finite Element Discretization 
Modelling of crack growth is a process of repeatedly forming a fi-
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nite element mesh which corresponds to the current geometry of the 
specimen, executing the finite element code to generate strain energy 
density values, and finally analyzing the strain energy density distri-
bution based on the fracture criterion. These steps should be per-
formed with consistenGy to achieve accurate results. The methodology 
' 
of crack growth modelling used was determined by becoming familiar with 
the accepted behavior of crack growth of some known geometries, and 
then experimenting with many different modelling procedures in order to 
eliminate those yielding inconsistent results, ultimately coming up 
with the procedure applied here. 
As explained in Section VII on the finite element method, special 
care must be made in constructing the finite element meshes with which 
. any given crack configuration is modelled. Figure 4.2 shows the finite 
element mesh used to obtain dW/dV values for the initial growth segment 
whens= 15°. It is made up of 76 twelve-noded isoparametric elements 
which are composed of 440 nodal points. The grid pattern for s = 75° 
is displayed in Figure 4.3. Output values of strain energy density are 
obtained from the finite element code APES [37] at numerical integra-
tion or Gaussian points rather than at the more traditional nodal 
points. A special program uses the isoparametric elements shape func-
tion to extract values at these Gaussian points. This is because val-
ues at the nodal points are obtained from those at the Gaussian points 
by applying a smoothing technique. If values at the Gaussian points 
are used, more control over the smoothing of values is obtained. 
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Figure 4.2. Grid pattern for crack tilted at s = 15° 
with load axis being vertical. 
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I , 
Figure 4.3. Grid pattern for crack tilted at s = 75° 
with load axis being vertical. 
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4.3 Direction of Crack Initiation 
Ultimately, the data used for the analysis of crack growth includes 
only the coordinates of Gaussian points and the strain ene·rgy density 
-values for these points. Smoothing of data and plotting of strain en-
ergy density is performed by two software packages, Surfer and Grapher 
[38], produced by Golden Software, Inc. Both the crack growth direc-
tion and magnitude are determined by the distribution of strain energy 
density. The software package Surfer will plot constant dW/dV_contours 
from a mesh of evenly spaced data points. Because strain energy den-
sity ·values come from Gaussian points of elements with a large range of 
sizes, the data points output from APES must be interpolated into a 
regular spacing, with values determined at the intersection points of a 
mesh laid over the specimen. Various interpolation methods are avail-
able and the density of the interpolated mesh is limited only by com-
puter time and memory. For a typical plot, it was found that a good 
balance of contour smoothness and accuracy with calculation time re-
sults in a grid composed of 100 grid elements per side. Two differ~nt 
interpolation techniques were used, depending if the priority was on 
keeping Gaussian point values fixed, and sacrificing smoothness of con-
tours, or having smooth contours for which exact values at Gaussian 
points have been sacrificed. 
The MinCurv interpolation method was used to generate the grid used 
to determine the direction of crack growth because, although exact val-
ues at Gaussian points are not preserved, the resulting contours are 
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smooth, lending themselves to the determination of the direction of 
crack growth. The MinCurv algorithm fixes grid values at points con-
taining input data and attempts to smooth remaining grid points using 
an iterative technique. Its strength is in projecting trends, so the 
magnitude of results may be unpredictable. Once an area has been 
gridded, contours of constant strain energy density are plotted with 
element boundaries overlaid. The direction of crack growth is deter-
mined by the location of (dW/dV)ma,.x at r/a = 0.1 as explained in See-m n 
tion 2.1 with reference to the core region. The location of this point 
is facilitated by drawing a circle of radius .la about the crack tip. 
Once a line is drawn from the crack tip in the direction of crack 
growth, a protractor can be used to measure the fracture angle -e0 in-
dicated in Figure 4.1 with accuracy exceeding that of the data used to 
generate the energy density contours. Figure 4.4 shows such a plot for 
the initial crack growth segment for s = 15°. The corresponding three-
dimensional plot showing the valley of (dW/dV)min can be found in Fig-
ure 4.5. 
4.4 Crack Growth Segment 
Once the fracture angle is known, there remains the determination 
of the crack growth segment. Because the amount of crack growth is 
more sensitive to the magnitude of dW/dV than its smoothness, the Inv-
Dist interpolation method was used to generate the grid used to plot 
the values of strain energy density in the direction of proposed crack 
growth. The InvDist. interpolation method determines values at grid 
-35-
Path of 
(dW/dV)min 
Figure 4.4. Constant contours of strain energy density and location 
of (dW/dV)min for s = 15°. 
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Valley of 
( dW/dV) . 
min 
Figure 4.5. Variations of energy density dW/dV near crack 
fore= 15° in two dimensions. 
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points, say Zi' in a manner such that the influence of data at a point 
declines with the distance from the point.d; at which a value is being 
determined, i.e., 
n Z. n 1 
2 = l ( d ~ ) 2/ ,l ( d . ) 2 i=l l 1=1 l ( 4. 1 ) 
with n being the number of Z elements. The rate at which influence de-
clines can be varied by adjusting the distance weighing power, but for 
this analysis, it is kept at its default value of two. In some cases, 
the smoothness of data is not adequate, so a smoothing technique is em-
ployed, which has the effect of smoothing out any local fluctuations in 
the data. Once a regularly spaced grid is created with satisfactory 
smoothness, a Surfer utility is used which takes a two-dimensional 
cross section from a three-dimensional Surfer plot. This cross section 
is imported into the package Grapher, where strain energy density is 
plotted versus the distance from the crack tip in the direction of 
crack growth. The critical value of strain energy density as well as a 
grid are superimposed over the plot, allowing the magnitude of crack 
growth to be determined in the manner already discussed. Shown in Fi~-
ure 4.6 is a plot of dW/dV versus the radial distance from the crack 
tip in the direction of crack growth from which the amount of crack 
growth with overshoot was calculated for the first crack growth segment 
whens= 15°. The critical value of strain energy density, (dW/dV)c' 
is plotted to facilitate the calculation of the growth attributed to 
both (dW/dV)c and overshoot energy. According to the data in Figure 
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4.6, the values of r
0
+r1 and r~ are 0.0584 cm and 0.0381 cm~ respec-
tively with r
0 
= 0.025.4 cm. For added accuracy, the plot was sometimes 
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Figure 4.6. First segment crack growth with overshoot 
for S = 15°. 
broken up into several areas, but it was found that results did not 
differ significantly. The size of the grids were made as small as pos-
sible to increase accuracy. 
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Once the crack growth direction and magnitude was determined, the 
crack geometry was remeshed ana the process repeated until the ligament 
of unfractured material became smaller than the proceeding growth seg-
. . 
ment. More details on this will follow subsequently. 
J 
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V. DISCUSSION OF RESULTS 
Repeated remeshing of the finite element grid pattern of each seg-
ment of crack growth has yielded ·informat,on on the stress, strain and 
energy distribution in the cracked plate as well as the crack trajec-
tories. Considered are five different cases wheres is increased from 
15° to 75° in even increments. The method of solution correcting for 
overshoots has already been discussed in Section IV. Critical stresses 
corresponding to crack initiation are determined. This would provide 
the means to correlate fracture data for the angled crack specimen. 
Data scatter caused by overload is also discussed to better the inter-
pretation of analytical results. 
5.1 Crack Trajectories 
As mentioned earlier as well as in Section VII of the Appendix, the 
formation of the finite element grid that models the crack geometry is 
a very crucial part of the numerical stress analysis. Any inaccuracies 
or approximations would be reflected in the failure prediction. Two 
different meshes modelling the same geometry could yield very different 
results. Special care was taken in modelling the crack tip zone with 
consistent element meshing in the area of predicted crack growth being 
the major priority. Changing element sides by only five to ten percent 
in the vicinity of the crack tip was found to have marked effects on 
the strain energy density. Because of this, the crack tip zone was 
modelled consistently for every case. Accuracy is lost when the angle 
formed by adjacent element sides gets very small or very large; there-
-41-
fore, elements were kept rectangular when possible. 
By application of the strain energy density criterion [27] or more 
' . 
. * * 
specifically equation (3.14), r1, r2, etc., for each s could be com-
puted. The crack trajectories for the five different crack angles are 
displayed in Figures 5.l(a) to 5.l(e) inclusive. The number of crack 
1234 s 6 7 8 
.,,,," ,, ' 
', 
15° 
(a) Crack angles= 15° 
' '' " ' 30° 
(b) Crack angles= 30° 
Figure 5.1. Crack trajectories following (dW/dV)min path 
for different crack angles. 
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1 2 3. 
(c) Crack angles= 45° 
2 3 
(d) Crack angle S = 60° 
1 2 · 3 
( 
( e) Crack an q 1 e S = 7 5 ° . 
Figure 5.1. Crack trajectories followinq (dW/dV)min path 
for different crack angles (continue). 
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segments that could be taken in the computation before the plate frac-
tures completely de·creased with increasing crack angles. Note the 
difference between eight (8) crack growth steps for s = 15° as compared 
with three (3) crack growth steps for s = 60° and 75°. This is to be 
expected because the stress level in the uncracked ligament is lower 
for small B because the ligament size would tjecrease as 8 is increased 
if the plate width is kept unchanged. In other words, as the ligament 
area supporting the load decreases,the stress in the ligament in-
creases with the maximum stress corresponding to s = 90°. 
Numerical values of the crack growth segments for each of the sin 
Figures 5.l(a) to 5.l(e) inclusive can be found in Table 5.1. Each 
segment of the crack growth contains three parts, namely r0 , rj and r1 
for j = 1,2, etc., as defined in Figure 4.6 while the sum of r0+rj and 
rj is r; as shown in equation (3.12). 
To be kept in mind is that the numerical analysis contain approxi-
mations arising from the discretization of the continuum system into a 
finite number of nodal points. The results are affected by the ways 
with which the nodal points are arranged with reference to the angled 
crack. It is of interest to compare the present numerical results with 
those in [17] that are reproduced in the transparent overlay in Figure 
5.2(a) and 5.2(b) for s = 30° and 45°, respectively. The solid line 
on the overlay corresponds to the (dW/dV)min path computed analytically 
for an infinite plate with an angle crack. Next to it on the overlay 
is the fractu-red specimen made of g~ass as referenced in [17]. For the 
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Tab 1 e 5. 1. Crack growth segments with overshoot for five (5) 
different values of crack angles with r /a= ,o-2. 0 . 
r~ * Growth r +r. r. 
_Step 0 J J J (cm) (cm) (cm) j = 1 , 2, etc. 
B = 15° 
1 0.058 0.038 0.097 
2 0.064 0.076 0.140 
3 0.074 0.163 0.236 
4 0.079 0.147 0.249 
5 0.094 0.267 0. 361 
6 0.107 0.378 0.485 
7 0.132 0.622 0.770 
8 1 . 257 1 . 021 1. 278 
B = 30° 
1 0.086 0.170 0.257 
2 0.097 0.295 o. 391 
3 0.117 0.439 0.556 
4 0.168 0.709 0.876 
5 0.274 1 . 173 1. 448 
B = 45° 
1 0.112 0.307 0.419 
2 0.135 0.465 0.599 
3 0.193 0.759 0.953 
4 0.340 1. 422 1 . 763 
B = 60° 
1 0.132 0.419 0.551 
2 0.175 0.660 0.836 
3 0.277 1 . 161 1. 438 
B = 75° 
1 0.147 0.493 0.643 
2 0.198 0.775 0.973 
3 0.381 1. 605 1. 986 
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{a) Crack angle B = 30~ 
1 2 
3 
{b) Cr~ck angle B ~ 45° 
Figure 5.2. Comparison of crack trajectories obtained 
from finite element calculations with re-
sults in [17] and fractured specimen. 
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first two segments of crack growth, they are all nearly the same. The 
discrepancies become larger as the crack extends further and are to be 
expected because no plate edge effect is considered in [17] and the 
(dW/dV)min path corresponds to that for a straight line crack without 
considering the influence of a crack that extends as it turns. Approx-
imations arising from the finite element calculations could not be de-
lineated by examining the crack trajectories alone. Additional in-
sights could be gained on the failure loads. 
5.2 Change in Nominal Stress 
Although for every crack growth segment, the remote stress applied 
to the plate is kept constant, the effective loading of the plate dif-
fers for each segment of crack growth. The load applied to the plate 
must be supported by the unfractured ligaments on each side of the 
crack. As the ligament size decreases, the load must be supported by a 
smaller area of material, thus the nominal stress in the plate in-
creases. For a unit load, the nominal stress is simply the inverse of 
the unfractured ligament area. Table 5.2 contains values of ligament 
area and nominal stresses for each growth segment. Referring to Figure 
5.3, the nominal stress for a unit load is defined as 
unit load 
a,= J A. J ' 
j = 1 , 2, etc. ( 5. 1 ) 
where A.= b. for a unit thickness plate. J J 
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Table 5.2. Nominal stress due to unit load on cracked specimen 
for different crack angles. 
Growth Ligament Nominal 
Step Area Stress 
* Aj (cm2 ) crj (unit load/cm2) r. 
J 
B = 15° 
l 11. 384 0.0878 
2 11. 196 0.0894 
3 l O. 917 0.0917 
4 10.450 0.0957 
5 9.997 0.100 
6 9.281 o·.108 
7 8.321 0.120 
8 6.787 0.147 
B = 30° 
1 10. 160 0.0984 
2 9.647 0. 104 
3 8.865 0.113 
4 7.757 0. 129 
5 6.005 0. 167 
B = 45° 
1 9.108 0 .110 
2 8.326 0.120 
3 7 .145 0. 140 
4 5.253 0. 191 
B = 60° . 
1 8. 301 0.120 
2 7. 201 0.139 
3 5.530 0. 181 
B = 75° 
1 7.793 0.128 
2 6.507 0.154 
3 4.562 0.219 
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Figure 5.3. Cracked specimen subjected to a unit load. 
* The relation between nominal stress aj and crack growth segment rj 
in Table 5.1 was the most obvious one to examine. Figure 5.4 shows 
nominal stress aj versus crack growth segment length for each initial 
crack angle B = 15°,30°, ... ,75°. The curves for each 8 are nearly par-
allel to each other and are arranged in order of decreasing s. For a 
given aj' the total growth segment for a crack whose axis is nearly 
lined up with the direction of loading, i.e., small B, will be greater 
than that of a crack which is nearly perpendicular to the applied load-
ing, i.e., larges. This finding may not be intuitive upon initial ex-
amination. What it implies is that for the same plate width more crack 
growth would take place for small B than the case of large B before 
reaching some critical effective crack length. 
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2.0 
5.3 Near Field Strain Energy Density 
Another relation examined was the effect of the strain energy den-
sity at a radial distance of r = O.la from the crack tip in the direc-
tion of predicted fracture on the increment of crack growth. Figure 
5.5 is a plot of dW/dV at r/a = 0.1 in the direction of proposed crack 
growth. It is apparent that the trend of the graph shows a common in-
tersection at a value of dW/dV equal to approximately 2.00 x 106 N/m2. 
This value corresponds to about 96 percent of the critical value 
(dW/dV) in Table 4.1. A blow-up of this intersection region is shown 
C . 
in Figure 5.6. It becomes apparent that the data for B = 15° does not 
intersect at the common intersection point of the other data, and there 
is some scatter in the intersection points. This is attributed to nu-
merical inaccuracy of the finite element method. 
5.4 Overload of Angled Crack Specimen 
The concept of overload introduced in Section 3.2 for symmetric 
loading applies equally well to the angled crack configuration except 
that the equivalent strain E in equation (3.1) or (3.2) should be modi-
fied to read as 
(5.2) 
The function f(s) accounts for the change in the plate stiffness de-
pending on the crack angles. An effective modulus of elasticity can 
thus be defined similar to that in equation (3.3) as 
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* E E .. = ~--,,---,.,-~~ 
1 + 2~a2 f(s) 
(5.3) 
such that f(S) + 1 whens= rr/2. Prior to discussing overload, E* must 
be determined for the angled crack configuration. 
*' 
E66ective Modul£L6. There are three ways for estimating E; they 
will be referred to as the infinite plate result, total energy approach 
and critical stress/strain solution. For an infinite plate, equation 
(5.3) can be derived in closed form from equations (2.42) and (2.44) in 
[35]. This is accomplished by setting K = 3-4v for plane strain and 
shrinking the elliptical notch to a sharp crack of length 2a. The 
quantities p and q in [35] are related to a and Bin this work as fol-
lows: 
2p = o(l-cos2S), 2(sp) = o(l+cos2S), 2q = osin2B (5.4) 
such that the total energy in an infinite plate with an angle crack 
reduces to 
W = (l-v2)a2A + TI(l-v2)a2a2 (1- os2S) 
2E 2E c (5.5) 
An effective modulus can thus be extracted from the above expression as 
* E E = ' 
1 + rr; (l-cos2s) 
(Infinite plate) (5.6) 
* Alternatively, E can be computed directly from the total energy in 
a finite plate given by 
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.......... 
W = 1 +v ff [,( 1-v) ( a2+a2) 2vcr cr + 212 ]dxdy 2E A X y - x y xy (5. 7) 
since the stresses ax' cry and Txy are known from the finite element 
. * 
analysis. That is, E can be computed from 
* l-v2 cr2A · E = ~2~ (--w-), (Total energy) (5.$) 
* 
once (cr2A/W) is known. Knowing that W ~ a2 , E in equation (5.8) would 
be independent of the applied stress level chosen for computing W. The 
third approach is to use the critical stress and strain relation for 
plane strain: 
* a 
E = (l-v2 )(f), (Critical stress/strain) (5.9) 
C 
where (a ,E) is a point on the failure envelop. Equations (5.8) and C C 
(5.9) should yield approximately the same results because both methods 
involve stresses and strains obtained for the finite plate while ~qua-
tion (5.6) applies to the infinite plate. 
Using the E and v values given in Table 4.1, a= 2.54 cm and A 
= (25.4)(12.7) = 322.58 cm 2 , WA/cr2 and (crc,Ec) are calculated and given 
* in Table 5.3 from which E in equations (5.8) arid (5.9) can be found. 
* Variations of E withs are displayed graphically in Figure 5.7. To 
* begin with, all the curves intersect at s = 0°, i.e., when E = E 
= 2.363 GPa being the elastic modulus of PMMA. The crack would not in-
fluence the plate stiffness when it is collinear with the uniaxial ap.J 
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Table 5.3. Effective modulus as a function of crack angle obtained 
from equations (5.6), (5.8) and (5.9). 
Crack Normalized Critical Cri.t i ca 1 Effective Modulus 
Angle Total Energy Stress Strain * 
f3 (deg.) (WA/cr2 ) x 10-2 crc (MPa) EC X 10-3 (m/m) 
E (GPa) 
(cm2 /MPa) Eq. ( 5. 6) Eq. ( 5. 8) Eq. ( 5. 9) 
15° "' 6. 131 17.33 6.579 2.343 2.339 2.342 
I 30° 6.299 10. 13 2. 291 · 2. 277 2.290 <.n 3.933 
m 
I 
45° . 6. 468 8.48 3.398 2.223 2. 210 2.219 
60° 6.720 7.49 3. 102 2. 159 2.134 2.147 
75° 6.967 6.85 2.907 2. 115 2.058 2.099 
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Figure 5.7. Change of effective modulus with crack angle 
for fixed crack length. 
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/ 
. 
plied load. Ass increases, the net section area reduces accordingly 
* and hence E would decrease as shown iri Figure 5.7. More reduction in 
* E is seen for the finite plate as expected. The total energy curve 
accounts for weighing the finite plate edge effect regardless of the 
applied stress level while the curve obtained from critical stress/ 
strain state accounts only for the critical stress. It is therefore 
* 
reasonable to expect that equation (5.9) would yield the lowest E for 
a givens. 
The function f(s) in equation (5.3) beihg load independent may be 
* 
regarded as a correction to the infinite plate solution once E/E are 
known for different s. For the present problem, A/2a 2 ~ 25 and hence 
equation (5.3) may be applied to obtain 
f(S) = ; 5 (E* - 1), 
E 
* E < E (5.10) 
Numerical values of f(s) for the three cases discussed earlier can be 
found in Table 5.4. The influence of the plate edge is small for small 
s. This can be seen from the data in Tables 5.3 and 5.4. 
Fa.i.tull.e Envelop. There are two ways to develop the failure enve-
lops that describe the critical stress/strain states for different 
crack size and crack angle. For a fixed S, the ratio A/rra 2 or min 
equation (3.8) could be varied and (crc,Ec) could be computed at the 
point, say r/a = ,o-2, when (dW/dV)min local to the angled crack tip 
reaches the critical value (dW/dV)c = 2.084 MPa in Table 4.1. This 
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Table 5.4. Stiffness function for angled crack. 
Crack 
Angle 
8 (deg.) 
Stiffness Function f(s) 
Finite Plate 
Infinite Total Energy Critical Stress 
Plate 
15° 0.067 0.081 0.071 
30° 0.250 0.302 0.254 
45° 0.500 0.523 0.516 
60° 0.750 0.854 0.801 
75° 0.933 1 . 178 1. 001 
goo 1. 000 
would yield a series of failure envelops similar to that in Figure 3.4 
for S = n/2. 
An easier way would be to develop an analytical expression for the 
failure envelop similar to that in equation (3.5). Knowinq the func-
tional form 
(5.11) 
~ 
with s1 = (l-v2 )/E, the critical state evaluated in Table 5.3 may be 
used to evaluate B2• This gives 
l-v2 3 B = [E - ~- a ]a 2 C E C C (5.12) 
for each s. Equation (5.11) can thus be written as 
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•d .......... ·:-·"~·,-~;- .... . 
\ 
l-v2 · l-v2 1 
E = E cr + [Ec - -E~ crc]crl cr3" {5.13) 
Numerical values of cr and E in equation (5.13) are calculated for 
e = 15°,30°, ... ,75° and they are plotted graphically in Figures 5.8 to 
5.12 inclusive. The position of the failure envelop shifts for each e 
* as the plate stiffness E changes. This is illustrated by the five 
curves in Figure _5.13. Intersection of the line 6cr/6E = canst. repre-
senting the plate stiffness yields the critical state (cr ,E ) of incip-
. C C 
ient fracture in Table 5.3. Figure 5.14 shows that the critical stress 
crc required to initiate fracture increases rapidly as Bis decreased; 
it attains its minimum value at s = n/2. Such a trend has been ob-
served in previous work [27]. 
OveJ11.oad St1te.1.:,~. As it is to be expected, those crack configura-
tions in which the crack is nearly aligned with the direction of loatl: 
ing had a higher effective stiffness, while those aligned nearly per-
pendicular to the direction of loading had a lower effective stiffness. 
Correspondingly, the angle at which the stiffness curve intersected the 
failure envelop was smaller for smaller crack orientation angles. The 
results obtained from Figures 5.8 to 5.12 inclusive are summarized in 
Table 5.5. Referring to Figure 5.15, the overload stress cr0 is defined 
as that above and beyond the critical stress cr on the failure enve-c 
lop. It is proposed that the ratio of overload stress to critical 
stress is proportional to a function of the angle at which the failure 
envelop is intersected, a, with the expression referred to as the 
-60-
.... -~- . .-
~' .. ,• 
20 
......... 
p 
•r-
•r-
t 10 Q.) 
.--
It) 
> 
•r-
5 
Tangent at c --
a<l 0 
Critical stress level 
0 2 4 6 8 
Equivalent uniaxial strain ex 10-3 (m/m) 
Figure 5.8. Failure envelop and critical stress/strain 
state for S = 15°. 
-61-
10 
12 
-n::l 
c... 
::: 
..._.. 
b 
CJ) 9 CJ) 
aJ 
S-
.µ 
CJ) 
,--
n::l 
,,-
X 
n::l 
•r-
C 
:::i 
.µ 6 C 
aJ 
,--
n::l 
> 
,,-
:::i 
O" 
LJ..J 
3 
0 
Tangent at c ~~ 
Critical stress 1 eve 1 
' 2 4 6 
Equivalent uniaxial strain Ex ,o-3 (m/m) 
Figure 5.9. Failure envelop and critical stress/strain 
state for s = 30°. 
-62-
10 
......... 
ro 
c.. 
::E: 8 ........ 
b 
V) 
V) 
QJ 
S-
+,.l 
V) 
r-
ro 6 •r-
X 
ro 
•r-
s:::: 
::l 
+,.l 
s:::: 
QJ 
r-
ro 4 > 
•r-
::l 
0-
LJ..J 
2 
Tangent at c 
Critical stress 1 eve 1 
\.._ (crc,ec) 
0 1 2 3 4 5 
Equivalent uniaxial strain Ex ,o-3 (m/m) 
Figure 5.10. Failure envelop and critical stress/strain 
state for s = 45°. 
-63-
\ 
10 
-ltl 
c.. 
:E: 
.._, 
b 8 
Vl 
Vl 
QJ 
S-
.µ 
Vl 
,--
ltl 
..... 6 X 
ltl 
..... 
s::: 
::::, 
.µ 
s::: 
QJ 
,--
ltl 
> 4 ..... ::::, 
O" 
LlJ 
2 
0 
Tangent at c ~~ 
Critical stress 1 eve 1 
"-(a,<) C C 
1 2 3 4 5 
Equiv~lent uniaxial strain Ex 10-3 ·(rn/m) 
Figure 5.11. Failure envelop and critical stress/strain 
state for s = 60°. 
-64-
-rt, 
c.. 
:E: 
.._, 
b 
Vl 
Vl 
QJ 
S-
.µ 
Vl 
.--
rt, 
•r-
X 
rt, 
•r-
C: 
::l 
.µ 
i:::::: 
QJ 
.--
rt, 
> 
•r-
::l 
O" 
l.J.J 
8 
6 
4 
2 
0 
Tangent at c 
Critical stress l eve 1 C 
l 2 3 4 
Equivalent uniaxial strain Ex 10-3 (m/m) 
Figure 5.12. Failure envelop and critical stress/strain 
state for s = 75° . 
. -65-
... . '4 •. 
20 
.-.. 
ltl 
a. 
:E: 
"-" 
tl 
V) 
V) 15 (1J 
S-
.µ 
V) 
r-
ltl 
•r-
X 
ltl 
•r-
i::: 
:::s 
.µ 10 i::: 
(1J 
r-
ltl 
> 
•r-
:::s 
CJ" 
LJ.J 
5 
B = 15° --
30° and 45° 
B = 15° 
0 2 4 6 8 
Equivalent uniaxial strain Ex ,o-3 (m/m) 
30° 
45° 
60° 
75° 
10 
Figure 5.13. Comparison of failure envelops and specimen 
stiffness for different s. 
-66-
18 
-re 15 
0.. 
::::: 
........ 
u 
b 
Ill 
Ill 
QJ 12 
S-
.µ 
Ill 
,.... 
re 
u 
.... 
.µ 
.... 
S-
u 
,.... 
re 
.... 
X 
ctl 
.... 
9 
:5 6 
3 
r· 
0 15 30 45 60 75 90 
Crack angles (deg.) 
Figure 5.14. Variations of critical stress with crack angle 
corresponding to (dW/dV)c at r/a = 10-2. 
-67-
Crack 
Angle 
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Table 5.5. Overload stress factor in percentage. 
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Figure 5.15. Overload stress for a specimen 
with linear response. 
overload factor: 
(5.14) 
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For an angle of intersection approaching 0°, the corresponding overload 
factor would approach infinity while for an angle of intersection of 
90°, the overload factor would be zero but not n because the actual 
load cr0 must be slightly greater than crc in order for failure to take 
place. 
As discussed in Section 3.2, an expected effect of overload would 
be an appreciable scatter in experimental data for large overload fac-
tors. Experimental work has been carried out which measures the fail-
ure load for the angled crack problem for different crack angles [16]. 
The results reported were gathered from two independent studies. For B 
greater than 45°, experimental data lies along a distinct path, while 
for s less than 45°, the scatter quickly becomes large. For Bless 
than 10°, the scatter in critical stress becomes more than three times 
the critical stress for B = 90°. 
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VI. CONCLUSIONS AND FUTURE WORK 
. 6 
A methodology is presented for determining overshoot in crack 
growth because some of the elements along the prospective failure path 
would be stressed beyond the· critical state. Such a condition is un-
avoidable when crack extension is simulated numerically as the sum of 
finite segments for step load increase. The data for generating these 
growth steps can be found in Section VII of the Appendix, both graphi-
cally and numerically. This consists of a total of 23 steps for the 
. results in Figures 5.1 (a) to ·s.1 (e) inclusive. The idealized ·model 
with overshoot would provide an upper bound solution. That is, for the 
same load, less crack growth would be predicted without overshoot which 
represents a lower bound solution. The experimental data should fall 
in between. Another previously unexplained phenomenon is data scatter 
caused by overload being the difference of the measured load at failure 
and that predicted by the assumed failure criterion. Demonstrated for 
the angled crack specimen is that the amount of overload tends to in-
crease with increasing specimen stiffness. Having gained a better un-
derstanding of the problem of overshoot in crack growth and overload in 
crack initiation, several refinements on the proposed methodology can 
be made in the future. 
6.1 Overshoot and Plastic Deformation 
The crack trajectories in Figures 5.l(a) to 5.l(e) inclusive were 
derived by assuming that the material deforms elastically. Depending 
on the combination of load, crack geometry and material, significant 
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plastic deformation could take place such that less energy would be 
.. 
available to drive the crack. 
Referring to Figure 6.1 for a typical element, the energy state, 
b 
V) 
V) 
QJ 
S-
.µ 
V) 
aJ dW 
::::s (dV)p 
S-
I-
0 True strain E 
Figure 6.1. True stress and true strain curve. 
say at p, could be regarded as 
( 6 .1) 
The portion used to deform the material plastically is (dW/dV)p while 
* the remaining (dW/dV) would be available to form new fracture surface. 
Since not all of the energy is available to create new crack surface, 
, ,the point c in Figure 3.5 now becomes the intersection of the dW/dV 
. * 
curve obtained from an elastic-plastic stress analysis and the (dW/dV)c 
curve given in Figure 6.2. This differs from the elastic case in Fig-
0-71-
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Figure 6.2. Crack.growth and overshoot in the presence 
of plasticity. 
ure 3.5 where c is the intersection of (dW/dV)c with the dW/dV curve. 
Because some of the available energy is dissipated in plastic deforma-
tion, there would be a corresponding decrease in the amount of over-
shoot. Consequently, crack growth rate with yielding is anticipated 
to be slower than the situation when all of the energy is available for 
driving the crack. 
6.2 Overload with Plasticity 
When plastic flow occurs ahead of the crack, the problem becomes 
nonlinear and the functional form of equation for the failure envelop 
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\ 
. -· •. !~}·-.· 
can no longer be derived analytically. _Each critical state involving 
the relation of the equivalent uniaxial stress crc to the correspon~ing 
· strain Ec must be solved numerically using an elastic-plastic stress 
' ' 
strain relation depending on the nonlinear behavior of the material 
under consideration. 
For the angled crack configuration in Figure 4.1, the materials off 
to the side of the crack are extended beyond the elastic limit' and they 
are known as the plastic enclaves, Figure 6.3. The direction of crack 
~x 
Plastic enclave 
Figure 6.3. Plastic deformation around an angled crack. 
initiation indicated by the angle -e
0 
would now be affected not only by 
B but also by the extent of plastic deformatierr or the rate at which 
the applied load is increased in steps. For a fixed B, the. ratio A/Tia 2 
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.could be varied to obtain the different critical states (crc,£) cor-
. C 
responding to dW/dV in a local element in the direction of -e0 reaching 
(dW/dV)c being the area under the true stress and strain curve. Since 
·plasticity would tend to reduce the. specimen stiffness, the amount of 
overload would thus be reduced. This is illustrated in Figure.6.4 
•r-
•r-
•r-
0 
response 
Failure envelop 
with plasticity 
Equivalent uniaxial strain 
Figure 6.4. Overload stress for a specimen with nonlinear 
response. 
where the nonlinear specimen response would intersect the failure en-
velop at c with a larger angle a as compared with the case of a linear 
response in Figure 5.15. The difference between cr0 and crc becomes 
smaller as it would be expected for specimen with ductile behavior. 
Such a study, however, is beyond the scope of this work. 
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VII. APPENDIX: FINITE ELEMENT METHOD 
This approach allows for the analysis of a geometry for which the 
behavior of displacements, strains, etc., is not known to be determined 
by modelling it as a combination of many similar but irregularly di-
vided elements. Mapping is used to transform these irregular subdivi-
sions into unit elements, for which the behavior is well understood, 
in a mapped region. The theorem of minimum potential energy, based on 
the principle of virtual work, provides information on the displacement 
field and thus on strains and stresses. The displacements, strains, 
etc., can be mapped back into their original elements, thus providing 
a solution for a geometry not readily analyzed using analytical tech-
niques. Since the procedure [39,40] is already well known, only a 
brief description of the numerical analysis will be given. 
7.1 Interpolation Functions 
· For two dimensional geometries, it suffices to use the 12 nodes 
isoparametric element which is irregularly-shaped in the physical 
plane, Figure 7.l(a). The coordinates of the element in·the mapped 
plane are;= ±1 and n = ±1 at the corner nodes. This is shown in Fig-
ure 7.l(b). The side nodes are evenly placed at 1/3 of the distance 
from the corners. A special feature of the transformation is that the 
same shape functions Ni(;,n) (i = 1,2, ... ,12) can be used to relate the 
coordinates (x,y) and displ~cements (ux,uy) to their corresponding nod-
al values, say (xi,yi) and [(ux)i,(uy)i]. The following expressions, 
therefore, prevail: 
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.. . : ! : 
12 
Y = .l Ni{~,n)Yi 
1 =1 
The same applies to the displacements:. 
12 
uy = .l Ni{~,n)(uy)i 
1 =1 
The shape functions Ni(~,n) (i = 1,2, ... ,12) are given by 
9 N = ~ (l-n)(l-~2)(1-3~) 2 32 
1 N4 = 32 (l-n)(l+~)[9(~ 2+n2 )-10] 
9 N5 = 32 (l+~)(l-n2)(1-3n) 
N6 = ~2 (l+~)(l-n2 )(1+3n) 
N7 = 12 (l+~)(l+n)[9(~ 2+n 2 )-10] 
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(7 .1) 
(7.2) 
9 N11 = 32 (l-;)(l-n2 )(1+3n) 
N12 = ~2 (l-;)(l-n2 )(1-3n) (7.3) 
7.2 Strains and Stresses 
Once the displacements are known, the strain components may be ob-
tained from the displacement gradients: 
aux 
EX -ax 
{£} = E = 
auy 
y ay (7.4) 
aux auy 
Yxy -+-ay ax 
Substituting equations (7.2) into equations (7.4) and writing the re-
sult in matrix form, it is found that 
{£} = [B]{u} (7.5) 
- -
in which 
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', ~ 
aN. 
1 0 -
' ax 
aN. (7.6) [Bl]= 0 1 
' ay 
aN. 
1 
aN. 
1 
°ay' ax 
In equation (7.5), {u} is the displacement vector defined as 
( ux) i 
{u} = (7.7) 
( uy) i 
For a linear elastic, isotropic and homogeneous solid under plane· 
strain, the material matrix 
1-v, v , 0 
E [DJ= (l+v)(l-2v) v 1-v, 0 
0 , 0 l-2v '-2-
can be used to relate the stress {a} and strain{£} as follows: 
{a}= [D]{E} 
- -
7.3 Equation of Motion 
(7.8) 
(7.9) 
The finite element method relies on application of the theorem of 
minimum potential energy that is based on the principle of virtual 
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work. It provides a good approximation for the displacement field at 
the expense of the stresses as in contrast to the theorem of minimum 
complimentary energy that places emphasis on the variation of the 
stresses. This difference in variational calculus should be kept in 
mind when interpreting the end results obtained from finite element in 
addition to the other approximations mentioned earlier. 
Application of the standard finite element procedure [39,40], the 
governing equation of motion can be written in the form 
[M]{u} + [K]{u} = {F} (7.10) 
with [M] being the mass matrix. The equivalent load matrix {F} is 
(7.11) 
Here, Fb and Fs are, respectively, the body and surface force vector. 
The stiffness matrix [K] in equation (7.10) is given by 
[K] = ff [B]T[D][B]hdxdy (7.12) 
where his the thickness dimension of the plane body. Computation of 
[K] is carried out in terms of the variables; and n such that equa-
tion (7.12) is expressed as 
1 1 
[K] = f f Q(;,n)d;dn 
-1 -1 
(7.13) 
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in which 
Q(t,n) = [B]T[ol[B]~ det [J] (7.14) 
Use is made of the Jacobian 
ax ay 
~' at 
[J] = (7.15) 
ax ay 
an an 
whose inverse is 
ay 
- ay 
an' as 
[ J-1 1 
J = ~ 21.. - ~ ay (7.16) 
· as an an as 
ax ax 
- an' -as 
for transforming dA in terms (x,y) to (s,n) as 
dxdy = det [J]dsdn (7.17) 
In view of eqijations (7.1) and (7.2), equation (7.15) may also be 
I 
written as 
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(·". 
" . 
J 
[J] = 
12 aN. 
\ l . l - x., i=l an , 
12 aNi l _;_y. 
i=l a~ , 
12 aN. 
.l an, Yi 
1 =1 
Change of independent variables can be made by means of 
aN. 
l 
aN. 
l 
-
-
a~ ax 
= [J] 
aN. aN. 
1 1 
-
an ay 
The inverse of equation (7.19) is 
aN. 
1 
aN. 
1 
-
ax a~ 
= [J]-1 
aN. aN. 
1 l 
- -
ay an 
(7.18) 
(7.19) 
(7. 20) 
The Gauss-Legendre quadrature scheme is applied to compute [K] 
numerically. This procedure assumes that 
1 1 4 4 1· J Q(~,n)d~dn = l l H.H.Q(~.,n.) 
-1 -1 i=l i=l 1 J J J 
( 7. 21 ) 
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Sixteen (16) Gaussian points can thus be embedded in each of the twelve 
(12) node isoparametric element such that 
~2 = -~3 = 0.339981043584856 
~1 = -~4 = 0.861136311594053 
n2 = -n3 = 0.339981043584856 
n1 = -n4 = 0.861136311594053 
The values Hj (j = 1,2, ... ,4) in equation (7.21) are 
H1 = H4 = 0.347854845137454 
H2 = H3 = 0.652145154862546 
(7.22) 
(7.23) 
As the numerical values of {u} are obtained from equation (7.10), the 
quantities of interest suth as {E} follows from equation (7.5) while 
~ 
{cr} follows subsequently from equation (7.9). 
7.4 Shifting of Side Nodes 
The way with which the displacement gradients behave in the vicin-
ity of a crack tip can be altered by adjusting the spacing of the 
neighboring side nodes. For the case of the eight (8) node isopara-
metric finite element, the midside nodes may be shifted to the quarter 
point nearest the crack tip to yield the 1/./r singular behavior of the 
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displacement gradient [28]. The same can be achieved for the twelve 
(12) node isoparatnetric element by shifting the intermediate nodes to 
the 1/9 and 4/9 positions nearest the crack tip [29] as discussed in 
relation to Figure 2.3 in Section 2.1. 
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VIII. APPENDIX: ENERGY DENSITY CONTOURS AND VARIATIONS 
FOR DIFFERENT CRACK GROWTH SEGMENTS 
. Enclosed in this section are the energy density contours around the 
crack tip region for each crack growth step ass is increased in 15° 
increments from 15° to 75°. The corresponding variations of dW/dV with 
the distance along the prospective path of crack growth are also given. 
These data are sufficient for determining r. and r~ and r~ ·since r is J J J 0 
fixed. Their values can be found in Table 5.1. 
8.1 Crack Angles= 15° 
For an originally straight crack of length 2a tilted at s = 15° 
with the applied stress, eight (8) steps were taken to establish the 
crack profile in Figure 5.l(a). With reference to Table 5.1 and Figure 
* 8.1, the first step crack growth is r1 = 0.097 cm. The second growth 
* step, r2 = 0.140 cm, can be obtained from the results in Figure 8.2 
where the predicted crack segment coincide with the element boundary. 
Deviating slightly away from the element boundary is the third· crack 
* segment r3 = 0.236 cm in Figure 8.3. That is, the crack did not extend 
straight ahead. From the fourth to the sixth step corresponding to the 
data in Figures 8.4 to 8.6 inclusive, the crack grew nearly straight 
ahead where its path and the element boundary cannot be easily distin-
guished. The specimen boundary effect comes into play at the seventh 
* * and eighth crack growth steps with r7 = 0.770 cm and r8 = 1.278 cm, re-
spectively, where the crack again starts to deviate from growing in a 
straight line. Refer to the data in Figures 8.7 and 8.8. 
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8.2 Crack Angle B = 30° 
Let ~he crack angle B be increased 30° as shown in Figure 5.l{b). 
The finite element grid pattern is thus remeshed accordingly. A plot 
of dW/dV versus r is made from which rj and rj can be found as be~ore. 
Concentration of the dW/dV contours around the crack tip is shown in 
* Figure 8.9. The first step of crack growth r1 = 0.257 cm is assumed to 
coincide with the path of (dW/dV)min and it deviated significantly from 
the element side. This difference is much smaller for the second crack 
* g·rowth increment r2 = 0.397 cm and can·be seen from Figure 8.10. Fol-
* lowing the same method of solution, rj for the third, fourth and fifth 
crack growth segments are found, respectively, from the data in Figures 
8.11, 8.12 and 8.13. The entire crack trajectory can be found in Fig-
ure 5.l(b). 
8.3 Crack Angles= 45° 
Figure 8.14 gives the dW/dV contours for a crack tilted at B = 45° 
with the load axis. The path of (dW/dV) . is located and the varia-mrn 
tions of dW/dV in this direction is plotted to determine the crack 
* . growth segment with overshoot. This leads to r1 = 0.419 cm as shown in 
Table 5.1 for s ~ 45°. The same procedure is repeated for the second, 
third and fourth crack growth steps from the information in Figures 
8.J5, 8.16 and 8.17, respectively. Refer to Figure 5.l(c) for a sche-
matic of the entire crack profile. 
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8.4 Crack Angle B = 60° 
As the crack ang1e B increases, the unbroken ligament size de-
creases accordingly. This increases the nominal stress as discussed 
earlier and each crack growth step. Only three steps are required to 
extend the crack to approximately the same distance from the plate 
edge~ Figure 5.l(d). The contours of dW/dV and its variations with r 
along the prospective site of crack extension can be found in Figure 
* 8.18.· For B = 60°, it is found that r1 = 0.551 cm. Presented in Fig-
* 
ures 8.19 and 8.20 are, respectively, the_ values of·dW/dV for r2 
* 
= 0.836 cm and r3 = 1.438 cm. 
8.5 Crack Angle B = 75° 
Shown in Figure 8.21 are the constant dW/dV contours for B = 75°. 
The intersection of (dW/dV) line with the dW/dV curve along the di-
e 
* 
rection of (dW/dV)min gives the r1 = 0.643 cm. Remeshing of the finite 
element grid pattern to accommodate for the new crack tip position, a 
* 
new set of data is obtained to. find the second crack growth, r 2 
= 0.973 cm by using the values of dW/dV in Figure 8.22. The same ap-
* plies to Figure 8.23 that yields r3 = 1.986 cm. The entire crack pro-
file is given in Figure 5.l(e). 
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